ABSTRACT. We study the Wiener criterion and variational inequalities with irregular obstacles for quasilinear elliptic operators A, A(x, Vu) ■ Vu £3 |Vu|p, in R". Local solutions are continuous at Wiener points of the obstacle function; if p > n -1, the converse is also shown to be true.
ON THE WIENER CRITERION AND QUASILINEAR OBSTACLE PROBLEMS
JUHA HEINONEN AND TERO KILPELAINEN ABSTRACT. We study the Wiener criterion and variational inequalities with irregular obstacles for quasilinear elliptic operators A, A(x, Vu) ■ Vu £3 |Vu|p, in R". Local solutions are continuous at Wiener points of the obstacle function; if p > n -1, the converse is also shown to be true.
If p > n -1, then a characterization of the thinness of a set at a point is given in terms of A-superharmonic functions.
1. Introduction. In this paper we study the Wiener criterion and variational inequalities with irregular obstacles for quasilinear elliptic operators.
We assume throughout that tp: R" -► (-00,00) is a bounded Borel function, called an obstacle, and that A: Rn x R" -> R™ is an elliptic (nonlinear) operator with A(x,h) ■ h sa \h\p, 1 < p < n; for the precise assumptions on A, see (1.5)-(1.9). A function u is said to be a local solution to the obstacle problem at the point Xo E R™ if there is an open neighborhood fi of Xo such that u is in the Sobolev space Wp(Q); u > tp p-quasie very where in fi; ( ' ' ' JnA(x,Vu) Vtpdx>0
whenever tp E Wp 0(fi) and tp > tp -u p-quasieverywhere in fi.
The precise meaning of "p-quasieverywhere" is explained below. Further, iiu -v E Wp0(Q), then u is said to be a solution to the obstacle problem with the boundary values v in fi.
In this paper we make an additional contribution to the regularity problem: what are the minimal conditions on tp which ensure that u is continuous at xo?
In the case of the Laplacian, i.e. A(x, h) = h, this problem was completely settled by J. Frehse and U. Mosco, see [FM1, FM2, Mol, Mo2] . They have shown that the solution u is continuous at xn. if and only if io is a so-called Wiener point of tp. In a nonlinear case it was proved by J. H. Michael and W. P. Ziemer [MZ] that a similar condition is sufficient. Starting with ideas of P. Lindqvist and O. Martio [LM] we show that if p > n -1, then the Wiener criterion given in [MZ] is also necessary for the continuity of the solution of (1.1), see Theorem 1.16. Especially, the problem will be fully solved in dimension two. If tp is nonnegative and supported on a compact subset E of a bounded open set fi, then there is a unique nonnegative superharmonic function u "vanishing" on the boundary 3fi, lying quasieverywhere above the obstacle tp in fi, and minimizing the Dirichlet integral among all admissible functions; in the language of potential theory the solution u is the balayage of tp. The continuity in this case was first studied by H. Lewy and G. Stampacchia [LS] : if tp is continuous on E, then one arrives at the classical Wiener criterion. See also [CK, KS, Mo2] .
It is important to note that the Perron approach to the unilateral Dirichlet problem pertains in more general situations; we shall indeed study the problem (1.1) within a general framework of nonlinear potential theory.
Before stating our main results we introduce some notation. We assume throughout that fi is a bounded open set in Rn, n > 2, and D c fi means that D, the closure of D, is compact in fi. If B = B(x,r) is an open ball and a > 0, then aB = B(x,ar). The integral averages are marked as ifdx=w\Lfdx-1.2. Condensers and capacities. Let E be a subset of an open set G C Rn. The (outer) p-capacity, 1 < p < n, of the condenser (E,G) is defined as capp(E,G)= .caPp(£,G).
A set E is said to be of p-capacity zero, abbreviated capp.E = 0, if capp(£' fl G, G) = 0 for each open G C Rn. For a bounded set E, cappE = 0 if capp(E, G) = 0 for some, and hence for all, bounded G with E c G. We say that a property holds p-quasieverywhere, abbreviated p-q.e. (or, if no confusion arises, simply q.e.), if it holds except on a set of p-capacity zero. For a thorough discussion of variational capacities we refer to [M2, R]. 1.3. Sobolev spaces. The elements in the Sobolev space Wp(fi), 1 < p < n, are considered as equivalence classes of functions u which are defined in fi up to a set of p-capacity zero; more precisely, if u E Wp(Q), then the limit
r^° JB (x,r) exists and defines u p-quasieverywhere in fi, see e.g. [AMS, FZ, R] . The subspace Wlo(Q) is the closure of C£°(fi) in W^Q).
We assume that the operator A: R™ x Rn -► R™ satisfies the following assumptions for some numbers 1 < p < n and 0 < a < ft < oo: , , the function x i-» A(x,h) is measurable for all h E Rn, and thê ' ' function h i-> A(x, h) is continuous for a.e. x E R";
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use for all h E R" and a.e. xER"
whenever /ii ^ h2, and (1.9) A(z,A/i) = |A|p-2AA(z,/i) for all A G R, X ^ 0.
is a solution (a supersolution) of the equation
Jn for all tp E Co°(fi) (tp E Co°(fi) and tp > 0). As is well known, every solution of (1.10) has a (locally) Holder continuous representative; we call continuous solutions of (1.10) A-harmonic. It is important in our case that Xu + p is A-harmonic whenever X,p E R and u is A-harmonic.
A typical example of the operators satisfying (1.5)-(1.9) is the p-harmonic operator A(x, h) = ]h\v~2h; solutions of the corresponding equation
Hereafter, the number p, 1 < p < n, and the operator A are fixed. We shall explicitly point out where the restriction p > n -1 is needed.
1.12. Thin sets. A set E in R" is said to be (p-)thin at the point xq if f1 /capp(EnB(x0,t),B(xo,2t))\ l'<*-V dt Jo V capp(B(xo,t),B(xo,2t)) J t '
The concept of a thin set is fundamental in potential theory and, traditionally, it has many equivalent formulations.
In nonlinear theory the converse Wiener criterion (1.13) has turned out to be the right one, see [HW] . Our second main result, Theorem 1.23, yields in a special case a characterization which, similarly to the classical theory, is explicitly connected to the solvability of the Dirichlet problem, see Remark 4.6.
1.14. Wiener points of the obstacle. Following J. Frehse and U. Mosco we say that a point xo is a (p-) Wiener point of tp if for every e > 0 the set E£ = {xeR": tp(x) > tP(x0) -e} is not (p-)thin at xo; here and for the remainder of the discussion tp(x0) = inf p-esssup^(x), r>0i6B(io,r) the abbreviation "p-ess sup" being self-explanatory. This definition generalizes the classical Wiener criterion in a natural way and, as we shall see, provides a complete answer to the regularity problem at least when p > n -1.
We begin with the following theorem which was proved by J. H. Michael and W. P. Ziemer in a more general context [MZ] . The surprising thing is that highly irregular obstacles may still produce continuous solutions. For completeness, we give a short proof for Theorem 1.15 in §4.
Our principal result is the following.
1.16. THEOREM. Suppose that p> n-l and that x0 is not a Wiener point of tp. Then there is a local solution of (1.1) which cannot be made continuous at xoIn building a discontinuous solution we exploit a geometric method used by 0. Martio and P. Lindqvist in [LM] ; for p < n -1 this method breaks down for the unfortunate reason that the p-capacity of a continuum may vanish if p < n -1.
We now want to make Theorem 1.16 more precise and recall the definition for A-superharmonic functions (see [HK1] An A-superharmonic function need not be even locally in the Sobolev space Wp . The following proposition reveals the precise connection between A-superharmonic functions and supersolutions of (1.10); for the proof, see [HK1] . for all x E fi; moreover, every locally upper bounded A-superharmonic function is locally in W*(Q).
Conversely, ifu is a supersolution of (1.10), then there is a unique A-superharmonic representative of u, given by (1.18).
1.19. COMPARISON PRINCIPLE [HK1, 3.7] . If u and -v are A-superharmonic in fi, if lim sup v (y) < liminf u(y) y->x y *x for all x E dfi and if the left-and the right-hand sides are not simultaneously oo or -oo, then v < u in fi.
It turns out that one can develop a nonlinear potential theory where A-superharmonic functions form a similar basis as superharmonic functions in the classical theory. In this study intrinsic properties of supersolutions rather than nonlinear potentials have a central role, cf. e.g. [HW, MK, Me] . This paper is a continuation of our earlier works [HK1 and HK2] ; see also [L] , and [GLM1, GLM2, LM] for p = n.
1.20. Balayage. We define a balayage of the obstacle tp as follows. Let d>^ = {u: u is A-superharmonic in fi and u > tp q.e. in fi}, and let
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use Since tp is bounded, then the family $q is uniformly lower bounded by (1.18), and using classical methods (see Proposition 2.3 below) yields that the balayage
is A-superharmonic in fi. Moreover, a generalization of the fundamental convergence theorem, Proposition 2.3, implies (1.21) Qq>iP q-e. in fi.
Thus, Qn = Qn E 3>q. In brief, the balayage Qn is the smallest A-superharmonic function lying quasieverywhere above the obstacle tp in fi. Observe that since fi is bounded, then tp is bounded, and hence Qn belongs to locWp(il) by Proposition 1.17.
When no confusion results, we denote Q^ = Q^. Now Theorem 1.16 can be viewed as a corollary to the following result.
THEOREM. If xo is a Wiener point oftp, then
Qn is continuous at xo whenever fi is a neighborhood of xq.
Conversely, if p > n -1 and if xq is not a Wiener point of tp, then there is a neighborhood fi of xo such that Qn is discontinuous at xqApplying (1.21) and 1.22 we obtain a generalization for a well-known result of classical potential theory. hj -f E Wp0(G).
THEOREM. A set E is thin
(If every boundary point is regular, we say that G is regular.)
It was proved by V. G. Maz'ya [Ml] that if R"\G is not thin at x0, then xo is regular; conversely, P. Lindqvist and O. Martio [LM] have shown that iip > n-l, then Rn\G is not thin at regular points. The converse part for p < n -1 is not known to the authors. We indicate in Remark 4.6 that, for all p G (l,n], (1.24) would imply that a regular point is not a thin point. We think that Theorem 1.23 is true for all p G (1, n] although we have not found a proof.
The paper is organized as follows. In §2 we provide preliminary results which may have some independent interest in nonlinear potential theory; we compare two slightly different definitions for balayage. In §3 we prove Theorem 1.16 and the necessity part of Theorem 1.22. In the final section, §4, Theorems 1.15 and 1.23 and the sufficiency part of Theorem 1.22 are established. In §4 we also show that A-superharmonic functions are finely continuous everywhere.
Throughout the paper we let C, Cy,..., denote various constants which are not necessarily the same in all occurrences and, unless otherwise stipulated, depend at most on n,p,a and /3. In taking the balayage it is often important to know whether R^ = Q^, that is, whether sets of zero capacity can be neglected. In the Laplacian case the equality R^ = Q^ is well known (note that fi is assumed to be bounded, and hence Greenian) but in general we have only been able to verify the following weaker result which, together with its corollary, is our main goal in this section.
2.1. LEMMA. IfQ^ eW^(Q), thenR^ = Q^.
2.2. COROLLARY. Suppose that tp is nonnegative and compactly supported in fi. ThenR* = &.
As the proof of Lemma 2.1 shows, the annoying fact that the sum of two Asuperharmonic functions is not A-superharmonic in general can be bypassed to some extent when one is dealing with functions in fVp(fi).
We shall appeal to the fundamental convergence theorem which we state here for convenience.
2.3.
PROPOSITION [HK2, THEOREM 6 .1]. Let F be a locally uniformly lower bounded family of A-superharmonic functions in fi. If w = inf F and w(x) = liminfy_,x w(y), then tfb is A-superharmonic in fi and w = w q.e. in fi.
2.4. A-superharmonic functions and solutions to obstacle problems. Let £: fi -* [-00,00] be any function and let 9 E Wp(Q) be so that 9 > £ q.e. in fi. We demonstrate the fundamental fact that there is a unique solution u to the obstacle problem (1.1) with the obstacle £ and the boundary values 9, and that u may be chosen to be A-superharmonic in fi. Observe that our definition for the Sobolev space Wp(0) is different than that in [HK1 and HK2] , and therefore a slightly more careful analysis is needed.
First, since the operator A defines a strictly monotone, coercive and continuous mapping from the space Lp(fi) = {u: Vu E Lp(fi)} onto its dual, see e.g. [Ml] , there always exists a unique solution v E Wp (fi) with given boundary values, cf. [KS, p. 87] . Further, it was shown in [HK1, 3.17] that there is an Asuperharmonic function u such that u = v a.e. in fi. We show that u is in Wp(fi) (i.e. the approximate limit (1.4) exists q.e. in fi), it then follows that u = v q.e. in fi, cf. e.g. [MK, Lemma 5.8] . Indeed, since the functions Uk = min(u,k) are locally bounded, they satisfy (1.4) everywhere in fi by [HK1, (2.28 ) and 3.15] and, consequently, uk E ^(fi). Now Uk is a Cauchy sequence in Wp(U) and it follows e.g. from [MK, Lemma 5.7 ] that uk -> «o E ^(fi)
q.e. in fi. Since Uk -> u everywhere in fi, we obtain u = u0 q.e. in fi. This establishes that u G ^(fi), whence u = v q.e. in fi as desired.
2.5. REMARK. As remarked in 2.4, for a bounded A-superharmonic function u (1.4) holds everywhere, i.e. every point is a Lebesgue point of u. We do not License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use know whether this is true for all A-superharmonic functions. Observe that an Asuperharmonic function need not be locally integrable if 1 < p < 2n/(n + 1), see [L] .
Next, we state an approximation lemma, required in the proof of 2.1. Let tpj E Wp(Q) be a decreasing sequence of functions (i.e. ipj > tpj+y q.e.) such that ipj -* tpo in Wp(fi), and let Vj E Wp(Q) be the A-superharmonic solution to the obstacle problem with the obstacle and boundary values ipj. It is obvious and easy to prove, see [HK1, Lemma 2.8] , that Vj > Vj+1 in fi.
2.6.
LEMMA PROOF OF LEMMA 2.1. We abbreviate Q = Q^, R = R^. Since clearly R > Q q.e., it suffices to show that R < Q. Let E = {x E fi: Q(x) < tp(x)}. Then, by Proposition 2.3, E is of p-capacity zero, and hence there is a nonnegative l.s.c. function w E W*(Rn) such that w = oo in E, ci. [HK2, Theorem 1.5].
Let tpj = Q + j~lw and let Vj be the solution to the obstacle problem with the obstacle and boundary values ipj E Wp (fi). By 2.4 we may assume that each Vj is A-superharmonic, whence with Proposition 1.17
Vj(x) = ess lim inf Vj(y) > ess lim inf ipj(y)
for all x in fi (note that ipj is l. il\K with u-tpE Wp10(fi\A").
PROOF. The lemma can be proved by using the comparison principle and an exhaustion argument basically as in the proof of Corollary 2.2. The details are left to the reader.
Next, we require two lemmas similar to [LM, 3.6 and 3.16] . We suppose that K is a compact set in a ball B = B(x0,2r) and that u = RlK is the A-potential of K in B.
3.2.
LEMMA. Let 0 < 7 < 1 and E1 = {x E B: u(x) > 7}. There is a constant Cy = Cy(p,a,(3) > 0 such that f1 fcapp(E n B(xo,t),B(xo, 2t))\ 1/(p"1} dt_ Jo \ capp(B(x0,t),B(xo,2t)) ) t < °°i f and only if J27Li a3 < °°.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use PROOF. The details of the proof are left to the reader, see [LM, 3.15] . Indeed, the claim is a simple consequence of the fact that if 6 > 1, then -capp(£ n B(x0, t), B(x0,2t)) < capp(E n B(x0, t),B(x0, St)) < Ccapp(E n B(x0,t), B(x0,2t)),
where C depends on 6 but neither on E nor on t; these inequalities can be established by using an auxiliary Lipschitz stretching. 
on S3 and (3.8) follows.
We now choose ey = 1/4C3 so that 5I°li d3 < \.
Next, write b = p-esssupB] ip and c = V>(xo) -e. We are clearly free to assume that b < tp(xo) + e/2. Next, let tp = (tp -c)/(b -c) and py = max(0, tp). We show that v = Qg is the required balayage, discontinuous at xo; for this, it suffices to show that Since v2 < 0 on Sy = dB(xo,py), the function w2 is l.s.c. and hence A-superharmonic in By by Lemma 3.7. On the other hand, w2 > <p2 q.e. in By, whence w2 > v2 in By, whence u2 > v2 in 5(xo,^i); in particular, vy -dy < u2 < d2 on S2 = dB(x0,p2) C B3\B4. Next, write v2 -d2 p2-d2 v3 =--and p3 =--7-. 1 -d2 1 -d2
Then v3 = Qq3 ■ As above we infer that the function _ ( min(v3,u3) inB(x0,p2), 1 v3 in Si\S(x0,P2) is l.s.c. and hence A-superharmonic in By; in particular v2 -d2 < d3 on 53 = dB(xo,p3) C B4\B3. It follows that i>i < dy + d2 + d3 on S3, and continuing in this way we obtain k oo 1
Vy < ]T d3■< J2 dj < ĵ =i i=i on Sk = dB(xo,pk) C Bk+y\Bk. Thus, (3.9) follows.
The necessity part in Theorem 1.22 is then proved.
PROOF OF THEOREM 1.16. If x0 is not a Wiener point of ip and if p > n -1, then, by Theorem 1.22, there is a neighborhood fi of x0 such that the function Q = Q^ is discontinuous at xo-It follows from Lemma 2.8 that Q is a local solution of (1.1), and if v is any representative of Q, it follows from (1.18) that ess lim inf v(x) = Q(xo) < ess lim sup Q(x) = ess lim sup v(x)
x->xo x-»Xo X-*Xo so that v cannot be continuous at xo-4. Thin sets and A-superharmonic functions.
In this final section we prove Theorem 1.23 and the sufficiency part of Theorem 1.22; a short proof for Theorem 1.15 is also given. Furthermore, we show that A-superharmonic functions are finely continuous.
Let E be a set in Rn and let xo G R™. Consider the three statements: (A) There is an A-superharmonic function u in a neighborhood U of xo with liminf u(x) > u(xo).
x->x0 x££\{x0} (B) There are neighborhoods U and V of xo, V <S U, and a nonnegative Asuperharmonic function u in U such that #Env(zo) < u(x0), where REfyV = RUXEnv (U; A).
(C) E is thin at xoIn the classical theory the statements (A), (B) and (C) are equivalent. In the nonlinear case we establish the equivalence when p > n -1; for p < n -1 we have only been able to prove the implications (A)=>(B)=^>(C).
PROPOSITION. (A) implies (B).
PROOF. Since (B) is trivially true if xo & E\{xo}, we may assume xo G i?\{xo}. Let u be the A-superharmonic function given in (A). We may assume that u > 0 and that liminf w(x) > 1 > u(xo).
Choose an open neighborhood V of x0, V € U, such that u > 1 in (EnV)\{x0} = F.
where the last equality follows from Corollary 2.2. This proves (B).
To complete the chain, we require the following simple lemma.
4.2.
LEMMA. If E is a Borel set which is not thin at xo, then there is a compact set K C E Li {xo} such that K is not thin at xoIf E is thin at xq, then there is an open neighborhood U of E\{xq} such that U is thin at xo-PROOF. We prove the second assertion only; the proof of the first assertion is even simpler and left to the reader (recall that for a Borel set E in G capp(E,G)= sup capp(iCG)).
KCE compact
Thus, for each j = 1,2,... choose an open set Uj C B(x0,2~3) = B3 such that E n Bj C Uj and that
We may clearly assume that E/j+i C J7j and that E E By. Next, let [/ = \JJ(Uj\Bj+2). Then £\{x0} C C/. Further, capp(/7 n Bi,B0) < capp^,^), and for j = 2,3,... capp(UnBj,Bj_y) < capp(Uj-ynBj,Bj-y) < Ccapp(U3^y,B3_2), cf. Lemma 3.6. Hence J -! J -â nd the claim follows from Lemma 3.6.
PROPOSITION. (B) implies (C).
PROOF. Let u,U and V € U be as in (B). We may assume that U is bounded and regular and that u > 0. By Choquet's topological lemma [D, p. 792] for all x E U. Considering the Borel set E' = {x E V: w(x) = u(x)} D E, we obtain Re'(xo) < w(x0) = REnv(x0) < u(x0), and hence we may assume, initially, that E is a Borel set. Further, by Corollary 2.2, we may assume that xo G E. Let us suppose that E is not thin at xo. Then, by Lemma 4.2, there is a compact set K C E n V such that K is not thin at xo-Let tpj G Co°(f7) be an increasing sequence such that lim pj = u in K and let hj be the unique A-harmonic function in U\K with hj -p3 E W$fi(U\K), see 1. This proves (A) since Q^ is A-superharmonic. It is known that functions in the Sobolev space Wp are finely continuous pquasieverywhere, see e.g. [HW, Me] . The next theorem says that an A-superharmonic function is finely continuous everywhere. For bounded supersolutions this was proved by J. H. Michael and W. P. Ziemer in [MZ] ; our proof is a simple application of Propositions 4.1 and 4.3 above. 4.5. THEOREM. Let u be A-superharmonic in fi and let xo E fi. There is a set E such that E is thin at xo and that u \ n\E 2S continuous at xo-PROOF. If u(xo) = oo, we may choose E = 0. Thus, suppose that u(xo) < oo.
For each j = 1,2,... let E3= {x G fi: u(x) -u(x0) > 1/j}-Then, by Propositions 4.1 and 4.3, Ej is thin at x0. Now it is easy to see that there is a decreasing sequence r3 -* 0 such that the set E = \J3( Ej D B(x0, rj) ) is thin at x0, cf. [Me, Proposition 3.1] . Since u is l.s.c, the theorem is thereby proved.
For completeness, we apply Theorem 4.5 and give a short proof for Theorem 1.15 (cf. [MZ] ): Let u E WpX(fi) be a local solution of (1.1). By 2.4 we may assume that u is nonnegative and A-superharmonic in fi. Let E be a set as in Theorem 4.5, that is, E is thin at xo and u \ n\E is continuous at xo-Since for each e > 0 the set F£ = {xER": ip(x) > tp(x0) -e}n (Q\E) is not thin at x0, capp(S n Fe, 2B) > 0 for each ball B = B(xo,r), and it follows that w(xo) > tp(xo) -e. Consequently, u(x0) > tp(x0). Next, fix A > u(x0 from Theorem 1.15 and Lemma 2.8. 4.6. CONCLUDING REMARKS, (a) Write E = R"\fi and let x0 G dfi. In the light of the barrier characterization the regularity of the boundary point is a local property (this was discussed in [GLM2] for p = n, and the general case is similar). Consequently, one easily obtains that the condition (B) above implies that xo is not regular. To be precise, let u be as in (B), x0 G V C U. Further, let tp3 E Co°(<7) be an increasing sequence such that limp.,-= urn d(V n fi) and let hj be the unique
